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biLipschitz maps

A map f: X — Y is a biLipschitz equivalence if it is surjective and there is C > 0
such that

2 dx(5,y) < dy (@), F() £ C-dx(x,), £y € X.

Vincent Dumoncel IMJ-PRG, Université
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Quasi-isometries: definition

Let X,Y be metric spaces. Amap f: X — Y is a (C, K)—quasi-isometry if there are
C > 1, K > 0 such that

Va,y € X,é ~dx(x,y) —K <dy(f(x),f(y)) <C-dx(x,y) +K
and dy (y,f (X)) < K.

If such a map exists, we say X and Y are quasi-isometric, denoted X ~g 1 Y.

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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Quasi-isometries: definition

Let X,Y be metric spaces. Amap f: X — Y is a (C, K)—quasi-isometry if there are
C > 1, K > 0 such that

Va,y € X,é ~dx(x,y) —K <dy(f(x),f(y)) <C-dx(x,y) +K
and dy (y,f (X)) < K.

If such a map exists, we say X and Y are quasi-isometric, denoted X ~g 1 Y.

e 7 ~Q.I. R and Zz ~Q.I. R2;

¢ Bounded metric spaces are quasi-isometric to {*}.

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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Coarse geometry and group theory

Introduction: where is coarse geometry in group theory?

A finitely generated group G = (S) is a metric space via its Cayley graph
Cay(G,S):
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Introduction: where is coarse geometry in group theory?

A finitely generated group G = (S) is a metric space via its Cayley graph
Cay(G,S):

-3-2-10 1 2 3

Cay(Z,{1})

Cay(Fy, {a,b,a~1,671})
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Coarse geometry and group theory

Introduction: where is coarse geometry in group theory?

A finitely generated group G = (S) is a metric space via its Cayley graph
Cay(G,S):

-3-2-10 1 2 3

Cay(Z,{1})

Cay(Fz,{u,b,afl,bfl})
* Word length of g € G:

lgls :=min{n20:351,...,sneSUSil,gzsl...sn}.

o Word metric:
ds(g,h) =g hls, g,h € G.
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Coarse geometry and group theory

Introduction: where is coarse geometry in group theory?

A finitely generated group G = (S) is a metric space via its Cayley graph
Cay(G,S):

-3-2-10 1 2 3

Cay(Z,{1})

Cay(Fz,{u,b,afl,bfl})
* Word length of g € G:
lgls :=min{n > 0:3s1,...,s, eSUSil,gzsl...sn}.

o Word metric:
ds(g,h) =g hls, g,h € G.

e If S, S’ are different generating sets of G, then (G, dg) and (G, dg/) are
biLipschitz equivalent.

Vincent Dumoncel IMJ-PRG, Unive
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Introduction: growth of groups

Gromov’s program. Classify, or at least "understand”, finitely generated groups
up to quasi-isometry.
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Introduction: growth of groups

Gromov’s program. Classify, or at least "understand”, finitely generated groups
up to quasi-isometry.

The growth function yg: N — N of G, defined as

¥(n) = |Bag(1g,n)|

is a quasi-isometry invariant, up to ~, where
e f< gifthereisC > 0, f(n) < Cg(Cn) for n large enough;
e fgiff<gandg<f.
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Coarse geometry and group theory

Introduction: growth of groups

Gromov’s program. Classify, or at least "understand”, finitely generated groups
up to quasi-isometry.

The growth function yg: N — N of G, defined as
y(n) = |Bag(1g,n)|
is a quasi-isometry invariant, up to ~, where
e f< gifthereisC > 0, f(n) < Cg(Cn) for n large enough;

e fxgiff<gandg<f.
yz(n) = nand yp,(n) =~ e",s0 Z +q 1. Fa. Likewise, z° +Q.I. 74 ifd + d'.

Vincent Dumoncel IMJ-PRG, Université



e geometry and group theory

Introduction: growth of groups

(-1,0)

(0J0) (1,(')5‘

Y22 (n) =202 +2n+1

Vincent Dumoncel

IMJ-PRG, Un;



se geometry and group theory

Introduction: growth of groups

1o o [wo

yzz(n):2n2+2n+1 )/F2(n):2-3n—1

ent Dumoncel



geometry and group theory

Introduction: growth of groups

1o o [wo

yzz(n):2n2+2n+1 sz(n):2-3n—1

Theorem (Milnor, Wolf, 1968)

A finitely generated solvable group of subexponential growth is virtually nilpotent.
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Introduction: growth of groups

1o o [wo

yzz(n):2n2+2n+1 sz(n):2-3n—1

Theorem (Milnor, Wolf, 1968)

A finitely generated solvable group of subexponential growth is virtually nilpotent.

Theorem (Gromov, 1981)

A finitely generated group has polynomial growth if and only if it is virtually
nilpotent.

Vincent Dumoncel IMJ-PRG, Université Pa
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Can algebraic properties be in fact geometric properties?
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e geometry and group theory
ometric rigidity of permutational lamplighters

ywards lampshufflers and isoperimetric profiles
Quantitative orbit equivalence

between lampshufflers

Can algebraic properties be in fact geometric properties?

e Being virtually solvable I

Examples: BS(1,n), Z/nZ 1 Z,n > 2
No (Dyubina 2000), using lamplighters

4 Being virtually polycyclic I\
Examples: SOL(Z), finitely generated solvable subgroups of GL(n, Z) (Malcev, 1951)
Open question, try your luck

Being virtually nilpotent
Examples: Heis(Z), UT(n, Z), . ..
Yes, this is exactly Gromov’s theorem

Being virtually abelian
Examples: Z™ and its finite extensions
Yes, using Gromov’s theorem

nt Dumoncel IMJ-PRG



Coarse geometry and group theory

Definition of wreath products
Given G, H two groups, their wreath product G ! H is the group

GiH = (H6) ~H

where H acts on the direct sum by shifting the coordinates:

R - (gn)nen = (8pr-13 )hen.
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Coarse geometry and group theory

Definition of wreath products
Given G, H two groups, their wreath product G ! H is the group

GiH = (H6) ~H

where H acts on the direct sum by shifting the coordinates:

R - (gn)nen = (8pr-13 )hen.

-3 -2 -1 0 1 2 3 4

An element of Z 1 Z.

For (¢,p) € G H:
® ¢: H — @G is a finitely supported colouring of H;
* an arrow points at p € H.

Vincent Dumoncel IMJ-PRG, Univ



Coarse geometry and group theory

Description of lamplighters
If G = (A) and H = (B) are finitely generated, then

C={(6s1):a e A} U{(1,b):b e B}

is finite and generates G ! H (where §, sends 1y to a and any other & # 1y to 1g).
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C={(6s1):a e A} U{(1,b):b e B}

is finite and generates G ! H (where §, sends 1y to a and any other & # 1y to 1g).

A path of length two in the Cayley graph of Z ¢ 72
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Coarse geometry and group theory

Description of lamplighters
If G = (A) and H = (B) are finitely generated, then

C={(6s1):a e A} U{(1,b):b e B}

is finite and generates G ! H (where §, sends 1y to a and any other & # 1y to 1g).

A path of length two in the Cayley graph of Z ¢ 72

In Cay(G 1 H,C), two elementary moves to go from (c, p) to a neighbour:

¢ either we only move the arrow to a neighbouring vertex in H, and the coloring
stays the same;
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Description of lamplighters
If G = (A) and H = (B) are finitely generated, then

C={(6s1):a e A} U{(1,b):b e B}

is finite and generates G ! H (where §, sends 1y to a and any other & # 1y to 1g).

A path of length two in the Cayley graph of Z ¢ 72

In Cay(G 1 H,C), two elementary moves to go from (c, p) to a neighbour:

¢ either we only move the arrow to a neighbouring vertex in H, and the coloring
stays the same;

* or the arrow stays on the vertex where it stands, but changes the color of this
vertex, and replaces it with an adjacent color in Cay(G, A).

Vincent Dumoncel IMJ-PRG, Université Paris Cité



Coarse geometry and group theory

QI rigidity of lamplighters

When are G1 ! H; and G ! He quasi-isometric?
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QI rigidity of lamplighters

When are G1 ! H; and G ! He quasi-isometric?

Proposition (Dyubina, 2000)

Let A, B and C be finitely generated groups. If A and B are biLipschitz equivalent,
then so are A:C and B C.
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QI rigidity of lamplighters

When are G1 ! H; and G ! He quasi-isometric?

Proposition (Dyubina, 2000)
Let A, B and C be finitely generated groups. If A and B are biLipschitz equivalent,
then so are A:C and B C.

Later, Eskin, Fisher and Whyte proved a complete classification of lamplighters
over Z:

Theorem (Eskin-Fisher-Whyte, 2013)

Letn,m > 2. Then Z/nZZ and Z/mZ ! Z are quasi-isometric if and only if n and
m are powers of a common number.

Vincent Dumoncel IMJ-PRG, Université Paris Cité



QI rigidity of lamplighters

When are G1 ! H; and G ! He quasi-isometric?

Proposition (Dyubina, 2000)
Let A, B and C be finitely generated groups. If A and B are biLipschitz equivalent,
then so are A:C and B C.

Later, Eskin, Fisher and Whyte proved a complete classification of lamplighters
over Z:

Theorem (Eskin-Fisher-Whyte, 2013)

Letn,m > 2. Then Z/nZZ and Z/mZ ! Z are quasi-isometric if and only if n and
m are powers of a common number.

Even more recently, Genevois and Tessera proved a similar criterion for
lamplighters based on one-ended groups:

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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Quantitative orbit equivalence

between lampshufflers

QI rigidity of lamplighters

Let n,m > 2. Let Hy, Hs be finitely presented groups. Assume that Hj is
one-ended. Then:

nt Dumoncel IMJ-PRG
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QI rigidity of lamplighters

eorem (Genevois-Tessera, 2024)
Let n,m > 2. Let Hy, Hs be finitely presented groups. Assume that Hj is
one-ended. Then:

e If H; is not amenable, then Z/nZ ! H; and Z/mZ ¢ Hy are quasi-isometric if
and only if n, m have the same prime divisors and there is a quasi-isometry
H 1 — H2;

Vincent Dumoncel

IMJ-PRG
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Theorem (Genevois-Tessera, 2024)

Let n,m > 2. Let Hy, Hs be finitely presented groups. Assume that Hj is
one-ended. Then:

e If H; is not amenable, then Z/nZ ! H; and Z/mZ ¢ Hy are quasi-isometric if
and only if n, m have the same prime divisors and there is a quasi-isometry
H 1 — H2;

e If H; is amenable, then Z/nZ ' H; and Z/mZ  Hy are quasi-isometric if and
only if there are integers a,r,s > 1 such that n = a”, m = a® and there is a
quasi-’-to-one quasi-isometry H; — Hs.

where a quasi-isometry f: G — H is quasi-k-to-one if there is C > 0
[klA| = IF 71 (A)]| < C - |om Al

for any A C H finite. The notion:
* "quantifies" how far from a bijection f is (in relation with Whyte’s theorem);

* is only relevant between amenable groups.

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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Quasi-isometric rigidity of permutational lamplighters
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Quasi-isometric rigidity of permutational lamplighters

QI rigidity of permutational lamplighters

Given G, H and an action of H on a set X, the permutational wreath product

G x H is defined as
GxH=(PG) ~H
X

where H acts on the direct sum through its initial action on X:

h - (8x)xex = (gh—l.x)xeX-

Vincent Dumoncel IMJ-PRG, Unive



Quasi-isometric rigidity of permutational lamplighters

Description of permutational lamplighters

Picture to keep in mind when X = H/N:
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rigidity of permutational lamplighters

Description of permutational lamplighters

Picture to keep in mind when X = H/N:

An element (¢, p) € Z/2Z 17 7?2 is a colouring of Z—cosets in Z2 with colors 0 or 1,
and an arrow pointing at p € Z2.

IMJ-PRG, Université Paris Cité



rigidity of permutational lamplighters

Description of permutational lamplighters

Picture to keep in mind when X = H/N:

GOGEOO0

An element (¢, p) € Z/2Z 17 7?2 is a colouring of Z—cosets in Z2 with colors 0 or 1,
and an arrow pointing at p € Z2.

IMJ-PRG, Université Paris Cité
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Statement of the result

heorem (D., 2026+)

Let E, F be non-trivial finite groups. Let G, H be finitely presented groups with
normal infinite finitely generated subgroups of infinite index M < G, N < H.
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..between lampshufflers

Statement of the result

Theorem (D., 2026+)

Let E, F be non-trivial finite groups. Let G, H be finitely presented groups with
normal infinite finitely generated subgroups of infinite index M < G, N < H.

¢ If M is not co-amenable in G, then E ¢qg/y G and F i,y H are quasi-isometric
if and only if |E| and |F| have the same prime divisors and there exists a
quasi-isometry of pairs (G,M) — (H,N).

where a quasi-isometry of pairs (G, M) — (H,N) is a map sending any
M —coset at a uniform bounded distance from an N —coset and having a
quasi-inverse doing the same thing for N —cosets.

Vincent Dumoncel IMJ-PRG, Université P:
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Statement of the result

Theorem (D., 2026+)

Let E, F be non-trivial finite groups. Let G, H be finitely presented groups with
normal infinite finitely generated subgroups of infinite index M < G, N < H.

¢ If M is not co-amenable in G, then E ¢qg/y G and F i,y H are quasi-isometric
if and only if |E| and |F| have the same prime divisors and there exists a
quasi-isometry of pairs (G,M) — (H,N).

¢ If M is co-amenable in G, then E ¢g/y G and F g H are quasi-isometric if
and only if there exist a,r,s > 1 such that |[E| =a’, |F| =a° and a
quasi-isometry of pairs (G, M) — (H,N) inducing a quasi-?-to-one
quasi-isometry G/M — H/N.

where a quasi-isometry of pairs (G, M) — (H,N) is a map sending any
M —coset at a uniform bounded distance from an N —coset and having a
quasi-inverse doing the same thing for N —cosets.

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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Statement of the result

Theorem (D., 2026+)

Let E, F be non-trivial finite groups. Let G, H be finitely presented groups with
normal infinite finitely generated subgroups of infinite index M < G, N < H.
Assume that G (resp. H) is not coarsely separable by any collection of subspaces
that uniformly quasi-isometrically embed into M (resp. N).

¢ If M is not co-amenable in G, then E ¢qg/y G and F i,y H are quasi-isometric
if and only if |E| and |F| have the same prime divisors and there exists a
quasi-isometry of pairs (G,M) — (H,N).

¢ If M is co-amenable in G, then E ¢g/y G and F g H are quasi-isometric if
and only if there exist a,r,s > 1 such that |[E| =a’, |F| =a° and a
quasi-isometry of pairs (G, M) — (H,N) inducing a quasi-?-to-one
quasi-isometry G/M — H/N.

where a quasi-isometry of pairs (G, M) — (H,N) is a map sending any
M —coset at a uniform bounded distance from an N —coset and having a
quasi-inverse doing the same thing for N —cosets.

Vincent Dumoncel IMJ-PRG, Université Paris Cité



Quasi-isometric rigidity of permutational lamplighters

A brief sketch of proof

Step 1: a quasi-isometry between permutational lamplighters must preserve cosets
of the base groups.
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Quasi-isometric rigidity of permutational lamplighters

A brief sketch of proof

Step 1: a quasi-isometry between permutational lamplighters must preserve cosets
of the base groups.

El(;/MG FiynH
f

P T~

.................... oo
a6 D < S'dH

f(dr—2H)
Cksz
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Quasi-isometric rigidity of permutational lamplighters

A brief sketch of proof
Step 1: a quasi-isometry between permutational lamplighters must preserve cosets
of the base groups.
El(;/MG FiynH
f

P T~

o f )
dp-1H

f(dr—2H)
Cksz

Hence, under our assumptions, any quasi-isometry f between E ¢z, G and
F /N H is a quasi-isometry of pairs

f:(EwquG,G) — (Fyyn H,H).

Vincent Dumoncel IMJ-PRG, Un; é 19/45
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Quasi-isometric rigidity of permutational lamplighters

Cone-offs of graphs

Step 2: upgrade the pairing property to show [ is actually a QI of pairs
(Eg/m G,M) — (FynH,N)

in view of Step 3.

Vincent Dumoncel IMJ-PRG, Univer:



Coarse geometry and group theory
Quasi-isometric rigidity of permutati plighters
Towards lampshufflers and i metric profiles

Quantitatiy equivalence
b ) lampshufflers

Cone-offs of graphs

Step 2: upgrade the pairing property to show [ is actually a QI of pairs
(Eg/m G,M) — (FynH,N)

in view of Step 3.

Step 3: Get back to a quasi-isometry between standard lamplighters, using
cone-offs of graphs!

Definition

Let X be a graph together with a partition C of its vertex set V (X). The cone-off of
X with respect to C is the graph CO(X, C) obtained from X by adding an edge
between two vertices of V (X) whenever they belong to a common piece C € C.

Vincent Dumoncel IMJ-PRG, Université
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Cone-offs of graphs

Step 2: upgrade the pairing property to show [ is actually a QI of pairs
(Egm G,M) — (Fiyyn H,N)

in view of Step 3.

Step 3: Get back to a quasi-isometry between standard lamplighters, using
cone-offs of graphs!

Definition

Let X be a graph together with a partition C of its vertex set V (X). The cone-off of
X with respect to C is the graph CO(X, C) obtained from X by adding an edge
between two vertices of V (X) whenever they belong to a common piece C € C.

Main example for us:

CO(E wg/u G, {M-cosets}) ~q.1. EXG/M.

Vincent Dumoncel IMJ-PRG, Université



Quasi-isometric rigidity of permutational lamplighters

A brief sketch of proof

(E w¢/u G, {M-cosets}) —r (F /v H, {N-cosets})

CO (E ig/m G, {M-cosets}) f—) CO (F yg/n H, {N-cosets})

| |

E1G/M o s FLH/N

Now: M co-amenable in G <= G/M amenable, so the conclusion follows from
Genevois-Tessera’s theorem.

Vincent Dumoncel IMJ-PRG, Université
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Towards lampshufflers and isoperimetric profiles
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Towards lampshufflers and isoperimetric profiles

Definition of lampshufflers

Given a group H, let FSym(H) be the group of finitely supported bijections H — H.
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Towards lampshufflers and isoperimetric profiles

Definition of lampshufflers

Given a group H, let FSym(H) be the group of finitely supported bijections H — H.
Then H acts on FSym(H) via

(h-0)(x) =ho(h ')
and the lampshuffler over H is the semi-direct product

Shuffler(H) := FSym(H) =~ H.

Vincent Dumoncel IMJ-PRG, Université



Towards lampshufflers and isoperimetric profiles

Definition of lampshufflers

Given a group H, let FSym(H) be the group of finitely supported bijections H — H.
Then H acts on FSym(H) via

(h-0)(x) =ho(h ')
and the lampshuffler over H is the semi-direct product

Shuffler(H) := FSym(H) =~ H.

e Shuffler(H) is finitely generated < H is finitely generated;
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Towards lampshufflers and isoperimetric profiles

Definition of lampshufflers

Given a group H, let FSym(H) be the group of finitely supported bijections H — H.
Then H acts on FSym(H) via

(h-0)(x) =ho(h ')
and the lampshuffler over H is the semi-direct product
Shuffler(H) := FSym(H) =~ H.

e Shuffler(H) is finitely generated < H is finitely generated;
e Shuffler(H) is amenable < H is amenable.

Vincent Dumoncel IMJ-PRG, Université
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QI rigidity of lampshufflers

At the level of quasi-isometric rigidity, we have:

Theorem (Genevois-Tessera, 2024)

Let Hy, Hs be finitely presented one-ended groups. Then Shuffler(H;) and
Shuffler(Hy) are quasi-isometric if and only if there is a biLipschitz equivalence
H1 b H2.

Vincent Dumoncel IMJ-PRG, Université P:



Coarse geometry and group theory

Quasi-isometric rigidity of permutational lamplig
Towards lampshufflers and isoperimetric profiles

Quantitative orbit equivalence

between lampshufflers

QI rigidity of lampshufflers

At the level of quasi-isometric rigidity, we have:

Theorem (Genevois-Tessera, 2024)

Let Hy, Hs be finitely presented one-ended groups. Then Shuffler(H;) and
Shuffler(Hy) are quasi-isometric if and only if there is a biLipschitz equivalence
H- 1 H2.

as well as:

Theorem (Correia-D., 2026+)

Letn,m > 1and d, %k > 1. Then Shuffler (Z%) and Shuffler®™ (Z*) are
quasi-isometric if and only if » = m and d = k.

where iterated lampshufflers are defined inductively by

Shuffler®® (H) := H, Shuffler°™*D (H) := Shuffler (Shuffler”” (H)).

Vincent Dumoncel IMJ-PRG, Université Paris Cité



Coarse geometry and group theory

Quasi-isometric rigidi permutational lamplighters
Towards lampshufflers and isoperimetric profiles

Quantitative orbit equivalence

between lampshufflers

Isoperimetric profiles

Definition

Let G = (Sg) be a finitely generated group. Its isoperimetric profile is the function
Jj1.6: N > R, defined as

) = sup AL
AcG,|A|<n |9GA|

where dgA :={y e G\ A:3s € Sg,Ja € A,y = as}.

Vincent Dumoncel
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Quasi-isometric rigidi permutational lamplighters
Towards lampshufflers and isoperimetric profiles

Quantitative orbit equivalence

between lampshufflers

Isoperimetric profiles

Definition

Let G = (Sg) be a finitely generated group. Its isoperimetric profile is the function
Jj1.6: N > R, defined as

) = sup AL
AcG,|A|<n |9GA|

where dgA :={y e G\ A:3s € Sg,Ja € A,y = as}.

* ji,¢ unbounded &= G is amenable;
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Isoperimetric profiles

Definition

Let G = (Sg) be a finitely generated group. Its isoperimetric profile is the function
Jj1.6: N > R, defined as

) = sup AL
AcG,|A|<n |9GA|

where dgA :={y e G\ A:3s € Sg,Ja € A,y = as}.

* ji,¢ unbounded &= G is amenable;

* ji,¢ is a quasi-isometry invariant (up to ~).

Vincent Dumoncel
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Examples:

U~

¢ If G has polynomial growth of degree d > 1, then jig(n) =n
e IfG=BS(1,k), %k > 2 0rG =FZ, then j16(n) = In(n);
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Isoperimetric profiles

Examples:

U~

¢ If G has polynomial growth of degree d > 1, then jig(n) =n
e IfG=BS(1,k),k >2,0or G=F27Z,then jig(n) ~In(n);
e IfG=F!(FtZ),then jig(n) =In(In(n)).

Thus: "The more the group is amenable, the faster goes its profile to +oo".

>
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Isoperimetric profiles

Examples:

U~

¢ If G has polynomial growth of degree d > 1, then jig(n) =n
e IfG=BS(1,k),k >2,0or G=F27Z,then jig(n) ~In(n);
e IfG=F!(FtZ),then jig(n) =In(In(n)).

Thus: "The more the group is amenable, the faster goes its profile to +oo".

>

Theorem (Erschler, 2003)

Let F be a non-trivial finite group. Let H be a finitely generated amenable group
whose isoperimetric profile satisfies:

() YC >0, j1,u(Cn) =0(jru(n)).

Then one has
Jipa(n) = jia(n(n)).

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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Isoperimetric profiles

Examples:

U~

¢ If G has polynomial growth of degree d > 1, then jig(n) =n
e IfG=BS(1,k),k >2,0or G=F27Z,then jig(n) ~In(n);
e IfG=F!(FtZ),then jig(n) =In(In(n)).

Thus: "The more the group is amenable, the faster goes its profile to +oo".

>

Theorem (Erschler, 2003)

Let F be a non-trivial finite group. Let H be a finitely generated amenable group
whose isoperimetric profile satisfies:

() YC >0, j1,u(Cn) =0(jru(n)).

Then one has
Jipa(n) = jia(n(n)).

Up to now, Assumption (x*) is satisfied by any finitely generated amenable group for
which we know the isoperimetric profile.

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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sition (Erschler-Zheng, 2021)

Let H be a finitely generated group.
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Proposition (Erschler-Zheng, 2021)

Let H be a finitely generated group. Then one has

T shutter(ery () = YH (n)re™

Vincent Dumoncel
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Proposition (Erschler-Zheng, 2021)

Let H be a finitely generated group. Then one has
jl_,éhuffler(H) (n) = yu(n)H™
and this bound is optimal when H has polynomial growth:
1 o (ndynd
J1,Shuffler (H) (n) = (n%)"

where d = deg(H) > 1.

Vincent Dumoncel IMJ-PRG, Université P:
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Hence: :
' In(n) \d
J1,Shuffter(a) (1) = (M)

when H has polynomial growth of degree d

Vincent Dumoncel IMJ-PRG, Unive
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Hence: 1
In(n) \d
In(In(n)) )

when H has polynomial growth of degree d, and, for instance,

J1,shuffler(71) (1) = (

Jishuffier(er) (n) < In(In(n))

when H has exponential growth.

Vincent Dumoncel IMJ-PRG, Unive
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Isoperimetric profiles of lampshufflers

Hence: 1
In(n) \d
In(In(n)) )

when H has polynomial growth of degree d, and, for instance,

J1,shuffler(71) (1) = (

Jishuffier(er) (n) < In(In(n))

when H has exponential growth.

Problem: upper bound far from being optimal, because it only depends on the
growth of H. Examples: ji shuffier(2z) @and J1 Shuffler(F2(F22))» F finite and # {1}.

Vincent Dumoncel IMJ-PRG, Unive
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‘We show more precise estimates:

Proposition (Correia-D., 2026+)

Let H be a finitely generated amenable group whose isoperimetric profile ji z
satisfies Assumption (*). Then one has

JLH (%) < Jyshuffler(®) (7) < Jjr,a(n(n)).

Vincent Dumoncel IMJ-PRG, Université P:
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‘We show more precise estimates:

Proposition (Correia-D., 2026+)

Let H be a finitely generated amenable group whose isoperimetric profile ji z
satisfies Assumption (*). Then one has

JLH (%) < Jyshuffler(®) (7) < Jjr,a(n(n)).

Recall: Assumption (*) means ji g(Cn) =O(ji,a(n)) for allC > 0.
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‘We show more precise estimates:

Proposition (Correia-D., 2026+)

Let H be a finitely generated amenable group whose isoperimetric profile ji z
satisfies Assumption (*). Then one has

JLH (%) < Jyshuffler(®) (7) < Jjr,a(n(n)).

Recall: Assumption (*) means ji g(Cn) =O(ji,a(n)) for allC > 0.

* For the lower bound: given (F},), a Fglner sequence of H,
(Ly) = ((FSym(Fy), Fy)), is a Fglner sequence of Shuffler(H);

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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‘We show more precise estimates:

Proposition (Correia-D., 2026+)

Let H be a finitely generated amenable group whose isoperimetric profile ji z
satisfies Assumption (*). Then one has

JLH (%) < Jyshuffler(®) (7) < Jjr,a(n(n)).

Recall: Assumption (*) means ji g(Cn) =O(ji,a(n)) for allC > 0.

* For the lower bound: given (F},), a Fglner sequence of H,
(Ly) = ((FSym(Fy), Fy)), is a Fglner sequence of Shuffler(H);

¢ For the upper bound: ji i (In(n)) is the profile of a lamplighter F ¢ H, so find
lamplighter substructures inside Shuffler(H) and use monotonicity of the
profile (Erschler 2003).

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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Corollary (Correia-D., 2026+)

Let H be a finitely generated amenable group whose isoperimetric profile j, g
satisfies Assumption (*). Assume moreover that

. In(n) .
J1,H (m) = J1,H(1n(n))~

Vincent Dumoncel IMJ-PRG, Université P:
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Corollary (Correia-D., 2026+)

Let H be a finitely generated amenable group whose isoperimetric profile j, g
satisfies Assumption (*). Assume moreover that

. In(n) .
J1,H (m) = J1,H(1n(n))~

Then one has
Jishuffter(71) (7)) = j1,a(In(n)).
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Corollary (Correia-D., 2026+)

Let H be a finitely generated amenable group whose isoperimetric profile j, g
satisfies Assumption (*). Assume moreover that

In(n)

jl,H (m) = jl,H(ln(n))~

Then one has
Jishuffter(71) (7)) = j1,a(In(n)).

For instance, j1 shuffier(7:z) (7) = In(In(n)) whereas, as expected, the corollary
provides
Jishuffler(Fu(Fiz)) (1) = In(In(In(n))).

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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Isoperimetric profiles of iterated lampshufflers

Proposition (Correia-D., 2026+)

e If H has polynomial growth of degree d > 1, then

In°* (n) )5

J1,shuffterok (1) () = (lno(k+1) (n)

Vincent Dumoncel IMJ-PRG, Université P:
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Isoperimetric profiles of iterated lampshufflers

Proposition (Correia-D., 2026+)

e If H has polynomial growth of degree d > 1, then

In°* (n) )5

J1,shuffterok (1) () = (lno(k+1) (n)

e If H is amenable with j; i satisfying Assumption (*) and
. 1 .
i (i) = ua (n(2), then

jl’Shufﬂerok (H) (n) = jl,H (ank (n) ) .

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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Isoperimetric profiles of iterated lampshufflers

Proposition (Correia-D., 2026+)

e If H has polynomial growth of degree d > 1, then

In°* (n) )5

J1,shuffterok (1) () = (lno(k+1) (n)

e If H is amenable with j; i satisfying Assumption (*) and
. 1 .
i (i) = ua (n(2), then

jl’Shufﬂerok (H) (n) = jl,H (1n°k (n))

|z

"vague" question

How to compare large-scale geometries of two lampshufflers when they are not
quasi-isometric?

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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Quantitative orbit equivalence...

Orbit equivalence

Definition

Two groups G and H are orbit equivalent if they both act freely and pmply on a
standard probability space (X, ¢) with the same orbits: G - x = H - x for u—almost
every x € X.

Vincent Dumoncel IMJ-PRG, Unive
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Orbit equivalence

Definition

Two groups G and H are orbit equivalent if they both act freely and pmply on a
standard probability space (X, ¢) with the same orbits: G - x = H - x for u—almost
every x € X.

Ornstein and Weiss proved in 1980 that this notion can be unsensitive to geometry:

Vincent Dumoncel IMJ-PRG, Université P:
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Orbit equivalence

Definition

Two groups G and H are orbit equivalent if they both act freely and pmply on a
standard probability space (X, ¢) with the same orbits: G - x = H - x for u—almost
every x € X.

Ornstein and Weiss proved in 1980 that this notion can be unsensitive to geometry:

Theorem (Ornstein-Weiss, 1980)

Any two infinite amenable groups are orbit equivalent.

Vincent Dumoncel IMJ-PRG, Université P:
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Quantitative orbit equivalence

To get a more rigid notion, one can quantify the cocycles.
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Quantitative orbit equivalence

To get a more rigid notion, one can quantify the cocycles.

Indeed, a coupling gives rise to twomaps cgg: G XX - H,cgg: HxX - G
uniquely defined by

cgu(8x) x=g-x, cgg(h,x) x=h-x

for all g,h € H and almost every x € X.

Vincent Dumoncel IMJ-PRG, Unive
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An orbit equivalence between Z and Z2
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Quantitative orbit equivalence...

An orbit equivalence between Z and Z2

G =27%=(ey,e2) H=7=(1)

7% -x = Z-x
es-x+ T x 2

—h Tx“. €1

\ T er | /\
€2 T|(e2 - — e -

T Tr Tl * Tx 7%
x €1 er-x=Tx

czz72(1,x) =e1
cz,72(1,Tx) = eg

cz.72(1, T x) = —eg

Vincent Dumoncel
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Quantitative orbit equivalence

To say whether cq i (g,x) is "close" from a generator, we look at its ¢p—integrability:
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Quantitative orbit equivalence

To say whether cq i (g,x) is "close" from a generator, we look at its ¢ —integrability:

Definition (Delabie, Koivisto, Le Maitre, Tessera, 2023)

Let ¢, w: Ry — R, be non-decreasing maps. The cocycle cq z is ¢p—integrable if for
any g € G, there is C; > 0 such that

/Xw(Cglca,H(g,x)lsH)dp(x) < co.

Vincent Dumoncel IMJ-PRG, Université



try and group t

Quasi-isometric rigidity of permutational lamplighters

Towards lampshufflers and isoperimetric
Quantitative orbit equivalence...
between lampshufflers

Quantitative orbit equivalence

To say whether cq i (g,x) is "close" from a generator, we look at its ¢ —integrability:

Definition (Delabie, Koivisto, Le Maitre, Tessera, 2023)

Let ¢, w: Ry — R, be non-decreasing maps. The cocycle cq z is ¢p—integrable if for
any g € G, there is C; > 0 such that

/Xw(Cglca,H(g,x)lsH)dp(x) < co.

An orbit equivalence coupling (X, 1) from G to H is (¢, ¢ )—integrable if cq g is
¢@—integrable and cg g is @ —integrable.

Vincent Dumoncel IMJ-PRG, Université P:



Quantitative orbit equivalence

To say whether cq i (g,x) is "close" from a generator, we look at its ¢ —integrability:

Definition (Delabie, Koivisto, Le Maitre, Tessera, 2023)

Let ¢, : Ry — R, be non-decreasing maps. The cocycle cg 7 is ¢ —integrable if for
any g € G, there is C; > 0 such that

/Xfp(Cglca,H(g,x)lsH)dp(x) < co.

An orbit equivalence coupling (X, 1) from G to H is (¢, ¢ )—integrable if cq g is
¢@—integrable and cg g is @ —integrable.

* A cocycle is L? if it is p—integrable with ¢ (x) =x?, p > 0;

* L% no requirement;

* A (¢, p)—integrable coupling is simply called ¢ —integrable;

e If ¢ ~ ¢’, then cg p is p—integrable if and only if it is ¢’ —integrable.

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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Quantitative orbit equivalence...

Interplay between quasi-isometries and orbit equivalence

Geometry !
1
I
BiLipschitz (Shaloth 2004)
i = L*—OE
equivalence for amenable groups
. N
1
1
Uﬂ for lampshufflers : “(Furman 1999) L?2-0OE
1
1
1

. for amenable groups L®—ME
Quasi-isometry =
(Shalorlh 2004) mutually cobounded

Measure theory

Vincent Dumoncel IMJ-PRG, Univer:
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Interplay between quasi-isometries and orbit equivalence

Geometry Measure theory

1

1

1

1
BiLipschitz (Shaloth 2009

. = L*-OE

equivalence for amenaple groups \
Uﬂ for lampshufflers

. for amenable groups L*°-ME
Quasi-isometry ==
(Shalorllu 2004) mutually cobounded

“(Furman 1999) Lp _OE

More precise question

If two lampshufflers are not quasi-isometric, can they still be L? —OE for some
values of p > 0?

Vincent Dumoncel IMJ-PRG, Université P:
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Relation of QOE with isoperimetric profiles

Theorem (Delabie, K 0, Le Maitre, Tessera, 2023)

Let G and H be finitely generated groups. Let ¢: Ry — R be increasing such that
t— ﬁ is increasing. If there exists a (¢, L?)—orbit equivalence coupling from G

to H, then
o jrun) < jie(n).

Vincent Dumoncel IMJ-PRG, Université P:



Let G and H be finitely generated groups. Let ¢: Ry — R be increasing such that
t— ﬁ is increasing. If there exists a (¢, L?)—orbit equivalence coupling from G

to H, then
o jrun) < jie(n).

In practice: j1,¢(Cx) =0 (j1,g(x)) for C > 0 (Assumption (*)), so the asymptotic
inequality of the theorem becomes

. -1
Y S JLG °J1m>

i.e. an explicit upper bound on the integrability of the cocycle cq z when there is an
OE from G to H.

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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Additionally, most of the time, this upper bound cannot be reached:

Theorem (Correia, 2025)

Let G and H be finitely generated groups. Assume that j1 . and j1,6 © jj }{ satisfy

(), and that j1,G(n) = 0(j1,z(n)). Then there is no (j1,¢ © j] 5, L) —integrable
orbit equivalence coupling from G to H.
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The threshold case

Additionally, most of the time, this upper bound cannot be reached:

Theorem (Correia, 2025)

Let G and H be finitely generated groups. Assume that j1 . and j1,6 © jj }{ satisfy
(), and that j1,G(n) = 0(j1,z(n)). Then there is no (j1,¢ © j] 5, L) —integrable
orbit equivalence coupling from G to H.

Hence for instance:

Corollary (Delabie, Koivisto, Le Maitre, Tessera, 2023, Correia, 2025)

Let %, ¢ > 1. There is an (L?, L°) —orbit equivalence coupling from Z**¢ to Z if
and only if p < kkﬁ.

Vincent Dumoncel IMJ-PRG, Université P: ité 39/45
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...between lampshufflers

Couplings between lampshufflers: stability result

Goal: find optimal orbit equivalence couplings between lampshufflers.

Vincent Dumoncel IMJ-PRG, Univ
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Couplings between lampshufflers: stability result

Goal: find optimal orbit equivalence couplings between lampshufflers.

First, a stability property for lamplighters:

Theorem (Delabie, Koivisto, Le Maitre, Tessera, 2023)

Let F, G, H be finitely generated groups and let ¢, 7 : Ry — R, be increasing
maps. If G and H are (¢, ¥)—orbit equivalent, then F ! G and F ! H are
(¢, w)—orbit equivalent.

Vincent Dumoncel IMJ-PRG, Université Pa
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Couplings between lampshufflers: stability result

Goal: find optimal orbit equivalence couplings between lampshufflers.

First, a stability property for lamplighters:

Theorem (Delabie, Koivisto, Le Maitre, Tessera, 2023)

Let F, G, H be finitely generated groups and let ¢, % : Ry — R, be increasing
maps. If G and H are (¢, ¥)—orbit equivalent, then F ! G and F ! H are
(¢, w)—orbit equivalent.

We prove a similar stability result for lampshufflers:

Theorem (Correia-D., 2026+)

Let H and K be two finitely generated groups. Let ¢, : Ry — R, be
non-decreasing maps. If there is a (¢, ) —integrable orbit equivalence coupling
from H to K, then there is a (¢, ) —integrable orbit equivalence coupling from
Shuffler(H) to Shuffler(K).

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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As an immediate consequence:
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..and lampshufflers

As an immediate consequence:

Corollary (Correia-D., 2026+)

If H and K are (¢, ) —orbit equivalent, then so are Shuffler®” (H) and
Shuffler®® (K), for any n > 0.

Vincent Dumoncel IMJ-PRG, Unive
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..and lampshufflers

As an immediate consequence:

Corollary (Correia-D., 2026+)

If H and K are (¢, ) —orbit equivalent, then so are Shuffler®” (H) and
Shuffler®® (K), for any n > 0.

For optimality, we use our computations of profiles of lampshufflers (given the
upper bound "¢ < j1 g © jié").

Vincent Dumoncel IMJ-PRG, Unive
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Optimal couplings between iterated lampshufflers

Theorem (Correia-D., 2026+)

Let £, ¢,n > 1. Let p > 0. Then there exists an (L?, L) —orbit equivalence from
Shuffler™ (Z*+¢) to Shuffler™ (") if and only if p < 7%;.

Vincent Dumoncel IMJ-PRG, Unive
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Optimal couplings between iterated lampshufflers

Theorem (Correia-D., 2026+)
Let £, ¢,n > 1. Let p > 0. Then there exists an (L?, L) —orbit equivalence from
Shuffler™ (Z*+¢) to Shuffler™ (") if and only if p < 7%;.

whereas:

Theorem (Correia-D., 2026+)

Let k,n > 1 and ¢ > 0. Then Shuffler®” (Z*+%) and Shuffler®” (Z*) are
quasi-isometric if and only if ¢ = 0.

Vincent Dumoncel IMJ-PRG, Université Paris Cité
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Open questions

* Does there exist a quasi-isometric (or coarse) embedding of Shuffler(Z) in Z:Z?
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Open questions

* Does there exist a quasi-isometric (or coarse) embedding of Shuffler(Z) in Z:Z?
¢ For which values of p > 0 can Shuffler(Z) and Z ¢ Z be L? —orbit equivalent?

Vincent Dumoncel IMJ-PRG, Unive
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Thank you!
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